The semiempirical model developed by Springer et al. ͓J. Electrochem. Soc., 138, 2334 ͑1991͔͒ continues to be popular for water transport in polymer membranes. The implementation of this model into a computational fluid dynamic ͑CFD͒ code poses some problems. First, the dependent variable in the membrane is the water content, , while that in the diffusion layers and channels is the species mass fractions. Thus, the membrane has to be designated a separate domain, wherein a transport equation for is solved and iteratively coupled to the mass fractions. This is computationally expensive and sometimes unstable. The second problem is associated with the notion that because the membrane is "thin" it is sufficient to have a few computational nodes across its thickness. A model that extends Springer's model to include convective transport is presented. It is found that accurate calculation of water transport through the membrane requires few hundred nodes. A database that provides water flux and average membrane electrical conductivity for relevant mass-transport Peclet numbers and interfacial conditions is created. When used with CFD calculations, the database will allow accurate and efficient calculation of water and current transport in the membrane without solution of the transport equation for .
Modeling and simulation, based on computational fluid dynamics ͑CFD͒, is now used routinely for analysis, design, and optimization of polymer electrolyte membrane ͑PEM͒ fuel cells. The efficacy of such modeling is dependent, in large part, on the accuracy of the submodel that is used to characterize water and current transport through the polymer electrolyte membrane ͑PEM͒. Although there have been efforts at modeling both water and current transport through membranes using first-principles microscopic techniques, such as statistical mechanics 22, 23 and molecular dynamics, 24, 25 such models are only meant to enhance fundamental understanding and are difficult to use in the context of large-scale CFD calculations of the entire cell or stack. For this purpose, phenomenological empirical or semiempirical models are more amenable because they can be easily integrated with the continuous equations used in CFD analysis. During the past decade, development of new phenomenological membrane models has been prolific. 16, [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] Despite significant effort in this direction, the popularity of the membrane model developed by Springer et al. 39 for a Nafion membrane continues to surpass any other membrane model, at least when considered in the context of large-scale CFD modeling. The use of the Springer model has been prolific because it characterizes the behavior of a partially hydrated membrane quite reasonably. Recent studies have documented its weaknesses 36, 40 with regard to its inability to accurately describe transport in liquid-equilibrated membranes. Whether this model is the most accurate or appropriate under all circumstances is a separate issue and is not the central focus of this paper. Based on its overwhelming success over the past decade, however, it is clear that this model will continue to be used as long as Nafion membranes are in use.
The implementation of Springer's model in the context of largescale CFD calculations of an entire cell poses two major problems 1. The dependent variable in the membrane is the water content ͑or hydration index͒, , while that in the gas-diffusion layers and channels is the species molar or mass fractions. Thus, the membrane has to be designated a separate solution domain, wherein a transport equation for is solved and iteratively coupled to the mass ͑or mole͒ fractions in the remaining regions ͑Fig. 1͒. Such iterative coupling is computationally expensive and sometimes unstable.
2. Another common notion within the CFD community is that because the membrane is "thin," it is sufficient to use a few compu-tational nodes across its thickness. While such a notion may be intuitive, the repercussions of using "few" nodes have never been quantitatively verified.
In this paper, we describe and analyze a generalized phenomenological model for transport of water and current across the membrane, with the specific objective to address the above two issues. The model is built upon the original Springer model but also takes into account convective transport of water across the membrane due to pressure forces. The resulting nonlinear governing equation for water transport is then solved using a conservative finite-volume approach. The numerical errors associated with solution of the governing equation are assessed through systematic grid refinement, and the implications of using "few" nodes are discussed. Ultimately, the numerical results are stored in compact tabular form. The purpose of this database is to readily provide water flux and ohmic loss across the membrane without actually solving for the transport equations within the membrane. Thus, this database, when used within the framework of a CFD code, is expected to result in significant increase in computational efficiency, while at the same time producing accurate results. The motivation for this study, and the ideas presented in this article are, in part, derived from a recent paper by Sui and Djilali. 16 
Mathematical Model and Solution Technique
Governing equations.-The transport of water in a PEM, in a phenomenological sense, is best described by the following equation derived from continuum mechanics
where C w is the molar concentration of water in the membrane ͑kmol/m 3 ͒. J drag is the molar flux ͑kmol/m 2 /s͒ of water in the membrane due to electro-osmotic drag, J conv is the molar flux due to pressure-driven convective transport, and J diff is the molar flux due to diffusive transport. Springer et al. 39 developed semiempirical expressions for the electro-osmotic drag and diffusion fluxes. Rather than use the concentration of water as the primary dependent variable, the so-called water content, denoted by was used. The water content is a measure of the ratio of the number of water molecules to the number of SO 3 − H + charge sites within the membrane. The molar concentration of water, C w , is related to the water content, , by the following relation
where m dry is the density of the membrane ͑kg/m 3 ͒ in its dry state, and M m is the effective molar mass ͑kg/kmol͒ of the membrane. A factor s = 0.0126 was used to take into account swelling of the membrane. 39 Although it is stated that this factor was deduced from experimental measurements in dry and fully hydrated Nafion 117 membranes, it is not clear how this number was arrived at, and whether it can be treated as a unique constant.
The flux of water due to electro-osmotic drag is written as
where d is the electro-osmotic drag coefficient that represents the average number of water molecules dragged by each migrating ͑due to the electric field͒ proton. The current density vector ͑A/m 2 ͒ is denoted by i, and F is the Faraday constant ͑C/kmol͒. Springer et al. 39 observed that between 2.5 ͑for almost dry membranes͒ and 22 ͑for fully hydrated membranes͒ water molecules are dragged per proton at a temperature range between 30 and 50°C. Based on this observation, they proposed a linear expression for the electroosmotic drag coefficient
The validity of Eq. 4 has been called into question by later researchers. 16, 26, 30, 36, 38 This issue, however, is still a subject of debate, but is not the central focus of the current article. Thus, the current development will retain Springer's original proposition, rather than combining two or more models that may have been developed from completely different sets of data. The diffusion flux of water is essentially given by the Fick's law, as is written as
where D w is the diffusion coefficient of water in a Nafion membrane. Once again, following Springer et al., 39 the diffusion flux may be rewritten in terms of the water content as
where D is also the diffusion coefficient of water in a Nafion membrane, but now expressed in terms of the water content. Springer et al. 39 performed extensive measurements to obtain the diffusion coefficient of water as a function of the water content. Their data is best represented by the following piecewise function 39
where D T is the temperature-dependent part of the diffusion coefficient, and D Ј is a dimensionless function that describes the change in the diffusion coefficient with water content. The temperaturedependent part of the diffusion coefficient is available from Springer et al. 39 and is given by
where the unit of D T is m 2 /s, and T is the temperature in Kelvin. The original model of Springer et al. 39 did not account for pressure-driven convective transport through the membrane, which is understandable in light of the fact that their measurements were conducted in a cell in which both the anode and cathode were maintained at 3 atm. Whether convective transport in a membrane should be considered or not broaches a topic that is rather nebulous and requires some discussion at this stage. In general, water transport models for the membrane may be classified into two categories: ͑i͒ diffusive models 28, 30, 38, 39 that work well in situations when the membrane is only partially hydrated, i.e., for so-called vaporequilibrated membranes, and ͑ii͒ hydraulic models 29, 41, 42 that capture some of the physical trends better for fully hydrated membranes, i.e., for so-called liquid-equilibrated membranes. None of these two types of models is able to adequately represent the physics over the full range of operating conditions of a cell. Comprehensive discussion of both types of models may be found in the recent review article by Weber and Newman. 40 Janssen and Overvelde 30, 31 argued that if the diffusive model is based on concentrated solution theory ͑i.e., diffusion is driven by the gradient of chemical potential rather than concentration͒, it does justice to the case when the membrane is liquid-equilibrated. Such an argument is flawed, as pointed out by Weber and Newman, 40 who clearly delineate the difference between using the dilute solution theory and the concentrated solution theory. Recently, Weber and Newman 36 have proposed a theory in which it is hypothesized that at low interfacial water activities ͑i.e., for vapor-equilibrated membranes͒, the pores within the membrane are essentially collapsed. In other words, there is no continu- ous fluid flow passage from one side of the membrane to the other. In such a scenario, the force due to pressure differential between the cathode and anode is essentially balanced by the membrane's mechanical structure, and no convection can occur due to pressure gradient. At high interfacial water activities ͑i.e., for liquidequilibrated membranes͒, the pores within the membrane expand significantly, resulting in continuous flow passages through the membrane that transport liquid water by convection. Because this scenario can occur only when the membrane is fully saturated with water, diffusive transport is negligible because there is no concentration gradient to speak of. Thus, as the membrane uptakes water, diffusion continuously decreases while convection increases as the pores expand. It appears that the rate at which convection increases beyond activity of unity is rather sudden, manifesting in what is known as Schroeder's paradox, 39, 40, 43 which is characterized by a sudden jump ͑or discontinuous increase͒ in water content in the membrane. It is arguable that depending on the interfacial water activities on the two sides of the membrane, one could potentially have all transport processes going on simultaneously within the membrane. Some processes may be dominant over others in certain localized regions of the membrane. Weber and Newman have recently proposed a two-phase model 36 based on their hypothesis that treats both diffusive and convective transport modes in parallel. The two modes switch in a continuous fashion depending on the fraction of the pores completely occupied by liquid water ͑i.e., the liquid saturation͒. Their model appears to capture the entire regime of operation quite well. 37 Another theory that attempts to explain Schroeder's paradox has been postulated by Choi and Datta. 44 The implementation of the model presented by Weber and Newman 37 into a CFD framework would require significant spatial resolution of the membrane in addition to equations for tracking the saturation of liquid water ͑i.e., a full-blown two-phase description of transport͒. Moreover, all properties become transport mechanism dependent and need to be refitted. Thus, although the model by Weber and Newman appears to be the best model available to date for mimicking Schroeder's paradox and bridging between the two extreme modes of operation, for this study, we assume that convective transport occurs through the membrane irrespective of the interfacial concentrations at the membrane surfaces, as has been assumed by several other past studies. 34, 45, 46 Thus, following this assumption, the convective molar flux of water through the membrane is given by
where U is the bulk fluid velocity vector. In the limiting case of = 22 everywhere, the convective flux, according to this model, is very high, while diffusive transport is zero. Thus, the model does posses some elements of the theory proposed by Weber and Newman. 33 Substituting Eqs. 2-4, 6, and 9 into Eq. 1 yields
where the new notation m = m dry /͑1 + s͒ has been used. For further developments, we restrict ourselves to steady state and a value of s equal to zero, such that m Ϸ m dry . The assumption of s = 0 is made for two reasons. First, as discussed earlier, the value proposed in Springer's original paper is not clearly explained. Second, as becomes clear later, a value of s = 0, allows creation of a compact database in terms of nondimensional parameters that is otherwise not possible. Equation 10 can be solved numerically no matter what value of s is chosen, and therefore, the value of s = 0 is chosen only to facilitate creation of a compact database, which is one of the main objectives of the current endeavor. Under the afore-stated two assumptions, Eq. 10 may be rewritten as
where U d is the drag ͑or drift͒ velocity ͑m/s͒ and is expressed as
In arriving at Eq. 11 from Eq. 10, the fact that both U d and U are constants is used. Equation 11 represents the steady-state convection-drift-diffusion equation encountered in classical transport theory. Because the membrane is considerably thinner than either the spacing between channels or the channel length, the gradient of water concentration perpendicular to the membrane is significantly larger than the gradients in the in-plane directions. Furthermore, the components of the current density in the in-plane directions are significantly smaller than the component in the through-plane direction. The problem, thus, reduces to a one-dimensional problem governed by the following second-order ordinary differential equation, where x is the coordinate in the through-plane direction
In Eq. 13, u d is the component of the velocity due to electro-osmotic drag perpendicular to the membrane and is obtained using Eq. 12.
The current density vector is substituted by its component in the direction perpendicular to the membrane, i.e., i x . u is the component of the convective velocity perpendicular to the membrane and is best estimated using Darcy's law
where p c and p a are pressures at the membrane surface on the cathode and anode sides, respectively. Equation 13 needs to be solved to determine the net flux of water across the membrane.
Boundary conditions.-Determination of the appropriate boundary conditions for Eq. 13 requires examination and discussion of the context in which this equation is to be used. Figure 2 depicts an algorithm that is generally used to iteratively couple 39 Springer's model in the membrane to the rest of the solution domain. It is clear that the boundary conditions for Eq. 13 are Dirichlet boundary conditions, with prescribed values a and c . Because the objective of this paper is to create a database by solving Eq. 13 off-line, careful consideration must be given to the range of values that a and c may attain. The contention is that both a and c may attain any value between 0 and 22 independently, for the following reasons:
1. The relative humidity of the anode and cathode inlet streams are independent parameters that may assume any value between 0 and 100%.
2. The interfacial ͑at membrane-catalyst layer interface͒ concentrations of water vary spatially in the direction tangential to the membrane surface and are dictated by a large number of factors, such as geometry, operating conditions, and material properties. Thus, any combination of ͓ a , c ͔ is conceivable at a given spatial location on the membrane.
3. During the process of iteration, the pair of values on the two sides of the interface, i.e., ͓ a , c ͔, may change arbitrarily and may attain any possible value. Based on the above possible scenarios, it is fair to conclude that if Eq. 13 is solved off-line and the results tabulated, then these tabulations should span all possible combinations of ͓ a , c ͔ with their values varying independently between 0 and 22. The model proposed by Springer et al. 39 is valid only for Ͻ 16.8, i.e., in the region where the water content varies smoothly with activity. Here, the model has been extrapolated up to = 22, and the user of the database has the choice of either using this extrapolated data with the understanding that this is not valid in a strict scientific sense, or disregarding this part of the table.
Numerical solution.-Analytical solution to Eq. 13 is possible if the diffusion coefficient is a constant. In this particular case, where the diffusion coefficient is a function of itself, Eq. 13 is essentially nonlinear and cannot be solved analytically. Furthermore, because D is a piecewise function, it is not differentiable. Thus, any numerical method that attempts to solve Eq. 13 in its original differential form ͑such as finite-difference methods͒ will be fundamentally flawed and is likely to result in stability problems during convergence or in physically meaningless solutions. The correct and robust method for solving Eq. 13 is to use its equivalent integral form, i.e., the so-called finite-volume method. 47 Finite-volume methods encounter no difficulties because although D is not differentiable, it is still continuous. Although Springer et al. 39 did not explicitly use the terminology "finite-volume" in their original paper, it is clear upon careful reading of their paper that they did indeed use the integral form of the governing equations in their final iterative solution procedure.
In this work, the finite-volume method was used to solve Eq. 13. The diffusion term was treated using a second-order central differencing scheme, while the drift and convection terms were treated using a first-order upwind differencing scheme. The choice of these discretization schemes was prompted by the fact that they are the schemes of choice in most commercial CFD codes and not necessarily because they are the most accurate. As mentioned earlier, it is common practice within the CFD community to use "few" nodes within the membrane. By using the same discretization schemes as used in commercial CFD codes, we can quantify the numerical errors being made by using "few" nodes in large-scale CFD calculations using commercial CFD codes.
Current transport.-For full-scale fuel cell calculations, one other quantity of interest is the ohmic loss ͑or drop in membrane phase potential͒ across the membrane. If the solution for the membrane region is computed off-line and tabulated, one must have the ohmic loss readily available in order to compute the polarization of the cell. The conservation of current in the membrane gives
Using Ohm's law, assuming one-dimensional current transport, we have
where m is the ionic conductivity of the membrane ͑loosely referred to as the electrical conductivity of the membrane͒, and is obtained directly from Springer et al. 39 m is the membrane phase electric potential. Integration of Eq. 16 twice yields
where ma − mc is the drop in membrane phase potential across the membrane. In order to evaluate this drop, it will be necessary to compute the right side of Eq. 17 numerically after the distribution of within the membrane has been computed. For off-line calculations, this would necessitate storage of the distributions of , which is impractical. To circumvent the problem, we define an average membrane conductivity, ͗ m ͘, that produces the same potential drop across the membrane for a prescribed current density, i.e.
Equation 19 allows tabulation of a single value for the average ionic conductivity for each prescribed ͓ a , c ͔ pair, rather than a distribution.
Results and Discussion
As mentioned earlier, this paper has two main objectives. The first objective is to quantify the numerical errors associated with finite-volume-based numerical solution of the governing 1D equation of water transport across the membrane. The second objective is to develop a database that readily provides water flux and ohmic loss across the membrane for CFD calculations of a fuel cell or stack.
Numerical errors and accuracy. -Equation 13 was solved using the finite-volume method, discussed earlier. The mesh ͑uniform, in this case͒ was refined systematically by doubling the number of cells. In each case, iterations were continued until the residual ͑defined, in this work, as the l2norm of the discretized equations͒ reduced below 10 −10 . Figure 3 shows the spatial profiles of as a function of mesh density for two arbitrarily chosen ͓ a , c ͔ pairs. These calculations were performed for a baseline value of i x = 0.5 A/cm 2 , T = 30°C, and p c − p a = 2 bars.
It is clear from Fig. 3 that the number of cells used across the membrane plays a crucial role in the accuracy of the numerical solution. For the two cases shown here, the solution becomes grid independent only when more than 100 cells are used. Of engineering interest is the error incurred in computing the flux of water using a coarse grid ͑see Table I͒ . Two important issues are highlighted by the data shown in Table I . First, the numerical errors, associated with the use of just five computational cells across the membrane, are strongly dependent on the boundary conditions used and can be greater than 100%. Second, for cases where the diffusion flux opposes the flux due to electro-osmotic drag ͑resulting in a low net flux͒, the errors can be very large. In fact, because the slope of changes significantly with grid resolution ͑Fig. 3͒, using a coarse grid for such situations may alter the direction of water flow, as indicated for the ͓ a , c ͔ = ͓4,14͔ case with five cells. Clearly this can lead to significantly erroneous results in the overall calculation of the cell and is unacceptable.
The sensitivity of the numerical solution to the mesh is best understood by examining the functional nature of the solution to Eq. 13 for the case when the diffusion coefficient is constant ͑=D͒. As mentioned earlier, Eq. 13 can then be solved analytically, and the analytical solution is
from which one can obtain an expression for the net water flux, given by
It is understandable from Eq. 20 that the water content, on account of having an exponential profile, is likely to be sensitive to the mesh size, even for the simple case of a constant diffusion coefficient. The following limiting scenario is also interesting
Equation 22 essentially shows that in the limiting case of diffusion completely dominating convection and drag, the water flux can be computed exactly without discretizing the membrane at all ͑because becomes linear͒. Examples of the use of such approximations are abundant in the literature. 8, 9, 46 The above results bring to light the fact that although the membrane is "thin," accurate calculation of the water flux through it requires careful consideration of the number of grid points to be used. It is found that at least 100 cells are needed to accurately calculate the water flux through the membrane if conventional discretization schemes and the finite-volume methods are to be used. When performing large-scale CFD calculations, using 100 or more cells within the membrane alone can lead to tremendous increase in the overall mesh size. Clearly, this is prohibitive, the reason researchers have tended to use a very coarse mesh in the first place. In order to circumvent this problem, we propose to perform the calculations within the membrane off-line and develop a database that can then be used within the context of CFD calculations to generate results that are both accurate and efficient. The development of this database is discussed later.
Parametric studies.-Calculations were performed for various temperatures ͑assumed to be constant in the membrane͒, pressure differences between anode and cathode, current densities, and ͓ a , c ͔ values. All other quantities in this problem are assumed to be unchanged, and their values are tabulated in Table II . Prior to development of the database, studies were first undertaken to examine the contributions of the various flux components to the net water flux under typical operating conditions. Once again, ͓ a , c ͔ values of ͓4,14͔ and ͓14,4͔ were examined under the conditions of i x = 0.5 A/cm 2 , T = 30°C, and p c − p a = 2 bars. Figure 4 shows the contributions of drag, convection, and diffusion to the total water flux. It is clear from this figure that convective transport contributes significantly to the net water flux and cannot be neglected if the cathode is pressurized. As discussed earlier, whether convective transport will occur in all regimes of operation or not is a matter of debate. However, the results presented here do show that it is important in liquid-equilibrated membranes. This is particularly important in light of the fact that modern-day PEM fuel cells are generally operated with a pressurized cathode to enhance the partial pressure of the reactants on the cathode side, thereby resulting in an increased reaction rate within the cathode catalyst layer. The second important fact that is highlighted by Fig. 4 is that the finite-volume method, as discussed earlier, indeed conserves the total flux exactly.
Having confirmed the importance of convection, we proceeded to calculate the water flux and average conductivity for all ͓ a , c ͔ values under different operating conditions. Figure 5 shows water flux across the membrane for two different pressure differentials at i x = 0.5 A/cm 2 and T = 30°C. Figure 6 shows the average electrical conductivity of the membrane for the same two cases. It is evident from Fig. 5 that when the pressure difference between the cathode and anode is absent, the water flux is predominantly from anode to cathode ͑i.e., positive͒, except in the case when a = 0 and c Ͼ 20 when electro-osmotic drag is weak, and the back diffusion results in the net flux being from cathode to anode ͑i.e., negative͒.
When a pressure difference is present, convective transport opposes electro-osmotic drag, and the magnitude of the net water flux from anode to cathode is significantly smaller. Figures 7 and 8 illustrate the effect of temperature on water transport and electrical conductance of the membrane. In this case, the calculations were performed for i x = 0.5 A/cm 2 and p c − p a = 2 bars. Temperature enhances diffusion of water by increasing the diffusion coefficient ͑Eq. 8͒. Thus, at higher temperature, the diffusive flux increases, tending to make the net water flux negative ͑from cathode to anode͒. Temperature also has the effect of increasing the average electrical conductivity of the membrane, as evident from Fig. 8 .
Studies were also conducted to investigate the effect of the current density across the membrane on the water transport across the membrane and its average electrical conductivity. Figure 9 shows the effect of current density on the water flux across the membrane. The conditions used for these calculations are T = 80°C, and p c − p a = 2 bars. At low current density, diffusive and convective transport are comparable to transport by electro-osmotic drag, while at high current density electro-osmotic drag is completely dominant and prevents water from entering the membrane from the cathode side even for cases when the activity of water on the cathode side is very high. These results seem to explain the experimental observation of large quantities of water in the cathode diffusion layer and channels at high current density.
Database development.-From the results and discussion presented in the preceding section, it is clear that the following four parameters independently affect the water flux across the membrane:
1. Temperature affects the diffusive component of the flux by enhancing the diffusion coefficient. Increased diffusion could either increase or decrease the net flux depending on the boundary conditions, i.e., ͓ a , c ͔. 2. Pressure difference between cathode and anode alters the convective component of the flux. An increased pressure difference, i.e., increased p c − p a , decreases the net flux of water from the anode to the cathode.
3. The current density across the membrane alters the electroosmotic drag across the membrane. An increase in current density results in increased water flux from anode to cathode.
Based on this discussion, it is clear that the three quantities mentioned above constitute the parameters of the problem and must be varied independently in order to develop an all-inclusive database that can be used by future modelers. This variation of parameters must be performed for each possible ͓ a , c ͔ pair. The parameter space of these three parameters, based on information found in the literature and elsewhere, may be summarized as ͑i͒ temperature, T: 30-80°C; ͑ii͒ pressure difference, p c − p a : 0-4 bars; and ͑iii͒ current density, i x : 0-2 A/cm 2 . If a database ͑multidimensional table͒ is created such that six values are used for T ͑i.e., 30, 40, 50, 60, 70 , and 80°C͒, five values are used for p c − p a ͑i.e., 0, 1, 2, 3, and 4 bars͒, and eleven values are used for i x ͑i.e., 0-2 A/cm 2 at intervals of 0.2 A/cm 2 ͒, then this database will have 6 ϫ 5 ϫ 11 = 330 numbers for each ͓ a , c ͔ pair. As discussed previously, both a and c may vary independently from 0 to 22. If 13 values are considered for each of a and c ͑i.e., 0-22 at intervals of 2͒, this will result in a five-dimensional table, consisting of 330 ϫ 13 ϫ 13 = 55,770 real numbers. This estimate is valid only under the assumption that the interpolation errors within a table with the aforementioned intervals will be acceptable. While the storage of 55,770 real numbers in the memory of a modern-day computer poses no problems, the retrieval of data after interpolation within a five-dimensional table can be quite tricky and most importantly, time-consuming, thereby defeating the purpose of off-line calculations. Another practical problem is that such a large table would be impossible to publish in print and extremely tedious for others to use unless published in electronic form. For these reasons, we proceeded to analyze our governing equations further with the hope that the data could be presented in more compact form.
Using the transformation x * = x/L, Eq. 13 may be rewritten in dimensionless form as
where Pe M is the Peclet number for mass transfer 48 and is defined in this particular case as
Strictly speaking, the Peclet number is used for the ratio of convective to diffusive flux. In this particular case, we have defined the Peclet number to be equal to the ratio of the combined effect of convection and electro-osmotic drag to diffusion, with the notion that convection and electro-osmotic drag, although physically completely different, result in the same outcome in a phenomenological sense. That is, they both cause bulk movement of water due to some external mechanism without the need for a concentration gradient. Also, while defining such dimensionless parameters, characteristic velocities are used traditionally. In this case, we are using the actual velocities because the assumption is that they remain unchanged within the membrane. One final point to be made is that depending on the relative magnitudes of the drift velocity and the convective fluid velocity, the Peclet number could also be negative in this particular case, which although unconventional, is simply indicative of the direction of the combined convective and electro-osmotic drag fluxes. Upon inspection of Eq. 23, it is clear that the functional dependence of the water content ͑i.e., the solution to the equation͒ may be written as = ͑x * , Pe M , a , c ͒. The flux of water across the membrane is given by the first part of Eq. 21, and may be rewritten, using a nondimensional space variable, as
The quantity within parenthesis in Eq. 25 is actually dimensionless, implying that the nondimensional flux of water across the membrane may be written as
Once again, inspection of Eq. 26 yields J w * = J w * ͑ Pe M , a , c ͒, which implies that a three-dimensional table with parameters Pe M , a , and c is adequate for the storage of the net water flux across the membrane.
Equation 19 may be similarly recast in dimensionless form as 
where T is the temperature-dependent part of the electrical conductivity, while is the concentration-dependent part, such that m = T . Because = ͑x * , Pe M , a , c ͒ and m = m ͑,T͒, it follows that m * = m / T = m * ͑x * , Pe M , a , c ͒. Integration over x * results in ͗ m * ͘ = ͗ m * ͑͘ Pe M , a , c ͒, which implies that a threedimensional table with the same parametric space as needed to store the water flux across the membrane, is also adequate to store the average conductivity of the membrane.
The nondimensional water flux and the nondimensional average electrical conductivity are tabulated in Tables III and IV, respectively. These two tables represent the data that are necessary for coupling the convection-extended generalized form of the Springer model to large-scale CFD calculations. For negative Pe M , the corresponding positive Pe M data should be used with the ͓ a , c ͔ pair reversed. This can easily be proved using a coordinate transformation for Eq. 23.
One critical issue in the use of such lookup tables is the errors associated with interpolation. In order to address this issue, a rigorous error analysis was performed to quantify errors due to interpolation in both the water flux as well as the conductivity. The average errors and their standard deviations are also shown in Tables III and  IV It is seen that the average error in either the water flux or the electrical conductivity never exceeds 11%. If a ±3 deviation from the average is considered, the maximum errors in the water flux is about 15%, while the maximum error in the electrical conductivity is about 20%. This includes interpolation between two different Peclet numbers. In light of the numerical errors shown in Table I for just a single isolated case ͑the maximum values are expected to be much larger than the values shown for this single case, chosen at random͒, it is clear that using the lookup table would provide better accuracy than performing direct calculations with a few tens of grid points across the membrane, not to mention the drastic improvement in computational efficiency.
Conclusions
A phenomenological model based upon the semiempirical model of Springer et al. 39 has been presented. Convective transport of water has been added to the original model in an attempt to mimic Schroeder's paradox, although as discussed earlier, this can only be done comprehensively if a full-blown two-phase formulation in which both liquid and vapor fractions of water are tracked is used. The resulting convection-drift-diffusion equation was solved using a conservative finite-volume approach. It is shown that significant grid refinement is necessary to accurately calculate the net water flux across the membrane, and that the assumption of a linear water profile within the membrane leads to very large errors in cases where the diffusion and electro-osmotic drag are in opposite directions. The conclusion is that CFD calculations with a few grid points within the membrane are likely to produce erroneous results. One possible solution to this problem is to generate an off-line database that can be coupled to large-scale calculations. In this article, the computed results of this model have been tabulated in nondimensional form. This database will allow accurate calculation of water transport and current transport within the membrane and can be used within the framework of large-scale CFD calculations without sacrificing either accuracy or efficiency.
